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The ground state energy of a scale symmetric system usually does not possess any lower bound,
thus making the system quantum mechanically unstable. Self-adjointness and renormalization tech-
niques usually provide the system a scale and thus making the ground state bounded from below.
We on the other hand use noncommutative quantum mechanics and exploit the noncommutative
parameter Θ as a scale for a scale symmetric system. The resulting Hamiltonian for the system then
allows an unusual bound state at the threshold of the energy, E = 0. Apart from the Hamiltonian bH
we also compute the other two generators of the so(2, 1) algebra, the dilation bD and the conformal
generator bK in the noncommutative space. The so(2, 1) algebra is not closed in the noncommutative
space, but the limit Θ → 0 smoothly goes to the so(2, 1) algebra restoring the conformal symmetry.
We also discuss the system for large noncommutative parameter.
PACS numbers: 03.65.-w, 02.40.Gh, 03.65.Ta
The study of physics in noncommutative spacetime
[1, 2] or only in noncommutative space [3, 4, 5] has be-
come an independent field of research work for a long
time. It started with the work of Snyder [6, 7], where
Electromagnetic theory is considered in noncommuta-
tive spacetime. It is a well known fact that the coordi-
nates of a plane become noncommutative when the quan-
tum mechanical system in a magnetic field (perpendicu-
lar to plane) background is confined in lowest Landau
level. However non-commutativity was present in the-
oretical physics before the concept of noncommutativ-
ity in spacetime or in space coordinates was introduced.
For example, the canonically conjugate operators like co-
ordinate xi and its conjugate momenta pi are noncom-
mutative
[
xi, pi
]
= i~, which leads to the uncertainty
principle ∆xi∆pi ≥ ~/2 in quantum mechanics. On
the other hand although the different momentum com-
ponents do commute, it is known that the components of
a generalized momenta in the background magnetic field,
B = (B1, B2, B3), do not commute,
[
P i, P j
]
= iǫijkBk.
Noncommutativity and its effect is studied in diverse
fields starting from Quantum Field Theory [8, 9, 10, 11,
12, 13, 14], String theory [15, 16, 17, 18] to quantum
mechanics [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30,
31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42]. In quan-
tum mechanical context several models are studied in
noncommutative space. The list includes harmonic os-
cillator [43], Hydrogen atom problem [44, 45], Zeeman
effect and Stark [44] effect. Even the effect of noncom-
mutative space is studied for a general central potential
and solutions are obtained in large noncommutative limit
[3]. It is known that usually the inclusion of spacetime
noncommutativity destroys the uniterity of a system but
that can be restored by a different formulation of non-
commutativity of Doplicher et at [46, 47]
The present letter is concerned with a scale invariant
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system in non-commutative space. In particular we con-
sider a particle on a plane (2D) with an inverse square
potential [48, 49, 50, 51, 52, 53, 54, 55]. The importance
of the inverse square potential in theoretical physics can
be understood from the huge research works carried out
so far, which in some stage can be described by an in-
verse square potential. Its presence is investigated in
detail in molecular physics [52], atomic physics [50, 52],
black hole physics and mathematical physics. It shows
that inverse square potential possesses bound state solu-
tion due to the scaling anomaly caused by quantization.
Usually a length scale is introduced by a technique called
self-adjoint extensions [56, 57, 58, 59, 60, 61, 62, 63, 64]
or by renormalization [65].
In this article we consider that the space is noncommu-
tative. This allows us to exploit the noncommutativity
as a scale and then to study the system. The scale sym-
metry of the system is thus explicitly violated by the
noncommutative parameter, Θ, dependent terms in the
Taylor series expansion of the Hamiltonian. Considering
inverse square potential in the non-commutative space
results to a new problem, which falls under an interest-
ing class of potentials Vµ = g/r
µ, µ > 2 [66]. It is known
that the system with a potential Vµ possesses bound state
solutions with energy E = 0. According to our standard
notion E = 0 serves as a border line between negative
energy bound sates and positive energy scattering states.
But the fact that this notion is not always true was shown
by J. Daboul and M. M. Nieto in [67], where they argued
that for potentials which asymptotically goes to zero from
above Vµ = 0 line, may exhibit localized states at E = 0.
See a comment also [68].
The article is organized in the following fashion: First,
we consider the well known inverse square interaction on
a plane and shown how it changes when the co-ordinates
of the plane become non-commutative. Second, we deal
with localization of the system we considered in previous
discussion, at threshold of the particle energy, E = 0.
Third, we discuss the system for large noncommutativity,
i.e., Θ large, and then we conclude.
2First, we consider a quantum mechanical system on a
plane with inverse square potential V = αr−2, α is a con-
stant parameter. Inverse square potential is important
both in theoretical physics and experimental physics. It
may arise in molecular physics, when the fermions are
scattered by the vapor of polar molecules. It has appli-
cation in atomic physics and black hole physics. From
theoretical point of view this potential V carries inter-
esting properties. For example, system with potential V
possesses conformal symmetry, generated by three opera-
tors; Hamiltonian H , Dilatation generator D and confor-
mal generator K. In 2D coordinate space the represen-
tation of the three generators are (unit used 2m = ~ = 1)
H = p2 + αr−2 , (1)
D = Ht− (r.p+ p.r) /4 , (2)
K = Ht2 − (r.p+ p.r) t/2 + r2/4 , (3)
which is known to form the so(2, 1) algebra [69]
[D,H ] = −iH, [D,K] = iK, [H,K] = 2iD . (4)
It is to be noted that due to the scale symmetry of the sys-
tem, described by the Hamiltonian H , there is no lower
bound for the bound state of the system. This system is
thus usually unstable. But it is known that due to scal-
ing anomaly the system may have a finite bound state
thus making the system physically meaningful from the
bound state point of view. The usual technique for pro-
viding the system a scale are self-adjoint extension and
re-normalization. We however study the system in non-
commutative space and exploit the scale Θ involved in
the noncommutative space (x̂1, x̂2). The standard com-
mutator algebra
[xi, xj ] = 0, [pi, pj ] = 0, [xi, pj] = iδij , (5)
defined over the phase space is modified due to the non-
commutative scale Θ as
[x̂i, x̂j ] = 2iǫijΘ, [p̂i, p̂j ] = 0 [x̂i, p̂j ] = iδij , (6)
where ǫ12 = −ǫ12 = 1, ǫ11 = ǫ22 = 0. Assuming that
limΘ→0 [x̂i, x̂j ] → [xi, xj ] is defined, one can get a real-
ization of the noncommutative phase space coordinates
(x̂1, x̂2, p̂1, p̂2) in terms of standard coordinates
x̂1 = x1 −Θp2, x̂2 = x2 +Θp1
p̂1 = p1, p̂2 = p2 (7)
The so(2, 1) generators are supposed to get modified,
where all coordinates and momentum in Eqs. (1)- (3) will
be replaced by corresponding noncommutative counter-
part (x̂1, x̂2, p̂1, p̂2). Note that the introduction of non-
commutative coordinates remove the singularity of the
observables. Keeping up to first order term in Θ in the
Taylor series expansion the generators become [70]
Ĥ = H +Θ2αr−4Lz (8)
D̂ = D +Θ2αr−4Lzt (9)
K̂ = K +Θ(2αt2r−4 − 1/2)Lz (10)
Now the new commutators, formed by the the generators
by keeping only first order in Θ terms,[
D̂, Ĥ
]
= −iĤ −Θ2iαr−4Lz , (11)[
D̂, K̂
]
= iK̂ +Θ
(
2iαt2r−4 + i/2
)
Lz , (12)[
K̂, Ĥ
]
= −2iD̂ −Θ4iαtr−4Lz , (13)
are not closed. Note that the scale symmetry is explicitly
broken by the term Θ2αr−4Lz in Eq. (8). Note that the
commutative limit Θ → 0 restores the so(2, 1) algebra,
namely Eqs. (11) - (13) reduce to Eq. (4). In the next
section we discuss the bound state property of the system
at threshold.
Second, we now discuss the system described by the
Hamiltonian Ĥ . Since we are interested in the localiza-
tion properties at the threshold E = 0, the Schro¨dinger
eigenvalue equation becomes(
p2 + αr−2 + Θ2αr−4Lz
)
ψ = 0 (14)
where ψ is a simultaneous eigenstate of Ĥ and Lz, with
eigenvalues 0 and m respectively. The so(2) symmetry
(rotation about z axis) is intact even in noncommuta-
tive space. Eq. (14) is separable in polar coordinates
(r, φ). The angular eigenfunction is Φ = exp(imφ), with
eigenvalue equation LzΦ = mΦ. The ansatz ψ = R(r)Φ
with a further similarity transformation R(r) = χ(r)/
√
r
reduces Eq. (14) to a 1D equation(
− d
2
dr2
+
4m2 + 4α− 1
4r2
+
2Θαm
r4
)
χ(r) = 0 (15)
The localized solution of (15) apart from normalization
constant is
R(r) = J√m2+α
(√−2Θαm
r
)
, (16)
where the constraint
√
m2 + α > 1 [66] needs to be sat-
isfied in order the solution to be normalizable, which is
found from the normalization constant.
Third, the solution for generic central potential V (r)
for large noncommutativity, i.e., Θ large, is solved in [3].
Our inverse square potential is a special case of [3] for Θ
large, where now V (r) = αr−2. Now the Hamiltonian H
in noncommutative space becomes
Ĥ = p2 + α
(
Θ2p2 + r2 − 2ΘLz
)−1
(17)
In order to solve the system with Hamiltonian (17),
it is useful to first solve the system with Hamiltonian
HΘ = Θ
2p2 + r2 − 2ΘLz in Schwinger representation.
The annihilation operators [43]
â+ = (x1 − ix2) + Θ(ip1 + p2) ,
â− = (ix1 − x2)−Θ(p1 + ip2) , (18)
3satisfy the commutation relation[
â+, â+
†
]
=
[
â−, â−
†
]
= 4Θ , (19)
with all the other commutations among the creation and
annihilation operators being zero. In this representation
the number operators
n̂+ = â+
†â+ , n̂− = â−
†â− , (20)
satisfy the eigenvalue equation
n̂+|n+, n−〉 = n+|n+, n−〉 , n+ = 0, 4Θ, 8Θ, 12Θ, ...
n̂−|n+, n−〉 = n−|n+, n−〉 , n− = 0, 4Θ, 8Θ, 12Θ, ... (21)
The Hamiltonian HΘ in the representation |n+, n−〉,
HΘ = n̂− + 2Θ (22)
satisfy the eigenvalue equation
HΘ|n+, n−〉 = EΘ|n+, n−〉 , (23)
with EΘ = n− + 2Θ. The eigenvalue of the Hamiltonian
Ĥ in |n+, n−〉 basis is
E = 〈n+, n−|p2|n+, n−〉+ α
n− + 2Θ
=
n+ + n− + 4Θ
4Θ2
+
α
n− + 2Θ
(24)
Note that the limit Θ → 0 can not be taken in (24). It
should be noted that scale symmetry is broken for large
non-commutativity also.
Finally, we considered particle interacting with in-
verse square potential in non-commutative space. The
non-commutative correction (Θ small) to the Hamilto-
nian leads to a potential 2Θαr−4Lz, which together
with the inverse square potential αr−2 and the poten-
tial −(1/4)r−2 coming form the kinetic term in 2D are
capable of binding particle with energy E = 0. We show
that the so(2, 1) algebra in commutative space, which is
responsible for conformal symmetry for such system is no
longer closed in non-commutative space. But the limit
Θ → 0 smoothly goes to the so(2, 1) algebra. For large
Θ the system is solved but this time the limit Θ→ 0 can
not be taken.
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